A remark on the matrix Airy function by Perelomov, A. M.
ar
X
iv
:m
at
h-
ph
/0
11
20
21
v1
  1
2 
D
ec
 2
00
1
Theor.Math. Phys.123, 671-672(2000)
A remark on the matrix Airy function
A.M. Perelomov ∗
Max-Planck-Institut fu¨r Mathematik,
Vivatsgasse 7, 53111 Bonn, Germany
Abstract
An integral representation for matrix Airy function is presented.
In memory of M.V. Saveliev
The well-known Witten conjecture [1], that the logarithm of the partition
function of general one-matrix model can be considered as the generating
function for intersection numbers on the moduli space of algebraic curves,
was proved by Kontsevich [2,3], who reduced this problem to the compu-
tation of the matrix Airy function (see [4–6], where many aspects of this
problem were discussed). The matrix Airy function is defined by an integral
representation. We give another integral representation for this function.
Following [3], we define the matrix Airy function on the space HN of
Hermitian N ×N matrices by the integral
A(X) =
∫
exp
{
i
(
1
3
tr(Y 3)− tr(XY )
)}
dY (1)
over the space HN , where dY is a U(N)-invariant measure on this space,
X,Y ∈ HN . We also note that the function A (X) satisfies the equation
∆A (X) + (trX)A(X) = 0, (2)
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where ∆ is the Laplacian.
We recall that the classical Airy function
Ai (x) =
∫ +∞
−∞
exp
(
i(y3/3− xy)
)
dy (3)
is the unique solution (up to a scalar factor) of the differential equation
Ai
′′
(x) + xAi(x) = 0 (4)
that is bounded on real axes. It follows from Eq.(1) that the dependence
of A(X) on the variables X˜ and ξ = N−1 trX, where X = X˜ + ξI and
tr X˜ = 0, can be separated. Indeed we have
X = X˜ + ξI, Y = Y˜ + ηI, tr X˜ = tr Y˜ = 0,
tr (Y 3) = tr (Y˜ 3) + 3η tr(Y˜ 2) +Nη3,
tr (XY ) = tr (X˜Y˜ ) +Nξη.
Theorem 1. The integral representation
A(X) = A(X˜, ξ) = A(Q, ξ) (5)
= CN−1/3
∫
exp
{
i
3
tr (P 3)
}
Ai
(
N−1/3(Nξ − tr(P 2))
)
Φ(Q|P ) dµ(P )
is valid for matrix Airy function (1), where Q and P are diagonal matrices,
X˜ = UQU−1, Y˜ = U1PU
−1
1 , U and U1 are unitary matrices,Φ(Q|P ) is the
zonal spherical function
Φ(P |Q) =
det {exp(i(qjpk))}
V (P )V (Q)
. (6)
Q = diag (q1, . . . , qN ), P = diag (p1, . . . , pN ), dµ(P ) = (V (P ))
2 dP,
(7)
C = const, and V (P ) is the Vandermonde determinant.
V (P ) =
∏
j<k
(pj − pk) = det (p
k−1
j ). (8)
Proof. This follows immediately from the Harish-Chandra formula.
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Theorem 2 [7]. If Φ is a conjugacy invariant function on the space
Hermitian N ×N matrices, then∫
Φ(Y ) exp(− i tr (QY )) dY
= (−2pii)N(N−1)/2(V (Q))−1
∫
Φ(P ) exp(− i tr(QP )) (V (P ))2dP (9)
for any diagonal Hermitian matrix Q, where Y = UPU−1 and last integral
is taken over the space of diagonal Hermitian matrices P .
We thus obtain an integral representation of the matrix Airy function
such that the dependence on the variable ξ is contained only in the stan-
dard one-dimensional Airy function. This representation may be useful for
investigation of properties of the matrix Airy function.
For the case N = 2, we have tr(P 3) = 0, and integral representation (5)
takes the simpler form
A(X) ≡ A(ξ, r) =
∫
exp
{
2i
3
(η3 + 3ηp2 − 3ξη)
}
Φ(r|p) p2 dp dη, (10)
where
Φ(r|p) =
sin pr
pr
(11)
is the zonal spherical function for the matrix space with N = 2. The inte-
gration over η gives
A(ξ, r) = C
∫
Ai
((
3
2
)1/3
(ξ − p2)
)
Φ(r|p) p2dp, C = 2
(
3
2
)1/3
.
(12)
If we take the integral over p in (10), we obtain another integral represen-
tation
A(ξ, r) = C1
∫
exp
{
2i
3
(τ3 − 3ξτ)
}
G(r, τ) dτ, C1 = const, (13)
where
G(r, τ) = τ−3/2 exp{iτ−1r2} (14)
is the Green function of the Schro¨dinger equation for free motion in three-
dimensional space.
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